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Light propagates
with different polarizations 1 iM
with different spatial shapes .

TEM,

with different spectral-temporal shapesf’(w%“w I ,Mmﬂ I

|:> each mode of light can be described by a

harmonic oscillator H="— 4+ mw-—
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|:> each mode of light can be described by a
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quantum harmonic oscillator ~ H = o + mwQE H = hw(§ +ata)
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Continuous variables description

W(q,p)
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Experimentally we measure CV

o @ & tamwsmm

E
hotons e En = ho(n + %) b
p / D s N Phase space
n=4 Transition energy
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Discrete variables description

p="_ onmln)(m|
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=q =q
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Distance from equilibrium

7

Continuous variables description

W(q.p)
each mode of light can be described by a ' = Eo f(7,1)(§ + 1p)

quantum harmonic oscillator ﬂ = %(ﬁz + 52)

* Room temperature coherent detection (mainly homodyne)

H= m(% +afa)
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\ \ Measuring Continuous Variables

Homodyne detection

It consists in interfering on a balanced beamsplitter
the signal field with a bright field called the local oscillator (LO)

We consider that the time-frequency modes of the input fields are
matched

as | a, = %(&LO + és)
ay; = %(&LO — és)

the currents of the two photodiode are proportional to the light intensity, so to the photon number

N A o 1 A-;- A A-:. A A';'A
i o< iy = (a4 pdLo + 41 ods + a!dro
2
¥
S

o
+ +

': A e 1 A-;- A A-:. A~ ~ A
iy < 1, = S(d] oo — Gyods — Ay dr,
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Homodyne detection

It consists in interfering on a balanced beamsplitter
the signal field with a bright field called the local oscillator (LO)

We consider that the time-frequency modes of the input fields are

matched
g 9 lg = il — 1y
ag 1
ig o< 4 ods + 4. aro
1 1) aLo = a0 + O ao = |laole®
(Lo) > (Ns) LO = L0 LO LO LO

W(X,y)

A N
ia < |arol g,
with g —biac o0de:

y

homodyne detection allows us to directly measure quadratures so their statistics
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Homodyne detection

It consists in interfering on a balanced beamsplitter
the signal field with a bright field called the local oscillator (LO)

We consider that the time-frequency modes of the input fields are

matched
, ! lg = il — 1y
as i
lg & d]iods + &; dLO

probability of measuring outcome qf Is <qg |ﬁ Slqg )

A At 0 T
q. = opa’e” + opae™

POVM fIHD(qf) = |qu%9|

homodyne detection allows us to directly measure quadratures so their statistics
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From Homodyne detection —> Wigner Function

It consists in interfering on a balanced beamsplitter
the signal field with a bright field called the local oscillator (LO)

We consider that the time-frequency modes of the input fields are
matched

From the measure

P(1q) = /n';. z
(P)Vomoon k (wg) (g, ye)dy

» It is possible to reconstruct
Wi(z,y)

Inverse Radon transform
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From Homodyne detection —> Wigner Function

It consists in interfering on a balanced beamsplitter
the signal field with a bright field called the local oscillator (LO)

We consider that the time-frequency modes of the input fields are
matched

Density matrix
Maximum likelihood elements O,

estimation
Complete set of : : I
L. . Tomographic reconstruction : i
guadrature distributions Wigner |
A.l. Lvovsky, J. Opt. B: Quantum Semiclassical Opt. 6, 556 (2004) function S ‘ ¥

Z. Hradil, D. Mogilevtsev, J. Rehacek, PRL 96, 230401 (2006) x A
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A LA | Al + /\ a- A+ /\)
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Vol sle Vol stle Vo sle



\ \ Interlude : Survival guide in CV Quantum Optics &k Q@ S
LKB

Genele hzest fomahs m

<o) G|y = T

~ /- _ é 7
<ol B | oy =¥ [a,p)= 4Ldo



quantum optics 0@ So

AN

photons

\

Energy

/

n=4

n=3

A n —=
ag

n

~ 1 Transition energy
| hw

l\D/

N

~. -

/
]. A } / D
n 20\ /Eo = ﬁw%

Al

Distance from equilibrium

Discrete variables description

p= Z Qn,m|n> <m|

Fock

Coherent  Thermal

[
»

q

1

E, = hw(n+ =)

2 //\

D 4 V N
4 N
y ° 4
4
v

ﬁ Continuous variables description

Wi(q,p)

Fock Coherent Thermal

Fully equivalent (sometimes one is more practical than the other..)
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Quantum information

Discrete variables encoding Continuous variables encoding

0100011101 (x} e R

superposition
| ¥)= a|0) + 8]1) |y )= /f(:r)|:r)d:r.

1 entanglement: quantum correlations

| Y ) \/E(|0)5|1>1 + [1)5]0);) \w) ™~ 5(93 - Q'z')(s(ps + pz)

SORBONNE
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Quantum information

Discrete variables encoding Continuous variables encoding

0100011101 (x} e R

superposition
[¥)= al0) + 3[1) v)= [ r@lds

entanglement: quantum correlations

| Y ) \/—(|0)5|1>1 + [1)5]0);) \w) ~ 0(qs — qi)0(ps + pi)

“any” operation

universal gate set

{H,R(r/2),CNOT, R(r/4)}
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Quantum information

Discrete variables encoding Continuous variables encoding

0100011101 (x} e R

superposition
| ¥)= a|0) + 8]1) |y )= /ﬂ@umx

entanglement: quantum correlations

1
= —(|0)s|1); + [1)5]0))) [4) ~ 0(qs — 4i)d(ps + pi)

| y) 5

U (t) = exp (—%H {qﬁp})

“any” operation any” operation -> any unitary (Hamiltonian) evolution

universal gate set universal unitary (Hamiltonian) set

{H,R(r/2),CNOT, R(r/4)}
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Quantum information

Discrete variables encoding

0100011101

Continuous variables encoding

{xi}€ R

v)= [ r@lds
correlations
) ~ 0(qs — qi)0(ps + pi)

| l/)) | 0) 3|1> superposition
- a _I_ l,if
1 entanglement: quantum
[¥)= 75011 +[1)s10)) s
interlude

<:I “‘any” operat

universal un

How it works : if you can implement
H_1and H_2, you can implement the
commutator

Baker-Campbell-Hausdorff formulae

. . i . 4D
EIEHEE”HIE ”HEE ItHl —e [ [Hg.,H-l] + O (tS)

it
Ut) = exp (—%H {q,P})
jon -> any unitary (Hamiltonian) evolution

itary (Hamiltonian) set

S. Lloyd and S. L. Braunstein Phys. Rev. Lett., 82 (1999)
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Quantum information

Discrete variables encoding Continuous variables encoding

0100011101 (x} e R

superposition
| y)= al0) + Bl1) v)= [ r@lds

entanglement: quantum correlations

1
= —(|0)s|1); + [1)5]0))) [4) ~ 0(qs — 4i)d(ps + pi)

| y) 5

“any” operation any” operation -> any unitary (Hamiltonian) evolution

universal gate set universal unitary (Hamiltonian) set

2 2)

{H,R(m/2),CNOT, R(m/4)} {1, ed’s (07 +D

single-mode Gaussian evolution
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Quantum information

Discrete variables encoding Continuous variables encoding

0100011101 (x} e R

superposition
| y)= al0) + Bl1) v)= [ r@lds

entanglement: quantum correlations

1
= —(|0)s|1); + [1)5]0))) [4) ~ 0(qs — 4i)d(ps + pi)

| y) 5

“any” operation any” operation -> any unitary (Hamiltonian) evolution

universal gate set universal unitary (Hamiltonian) set

{H,R(m/2),CNOT, R(x/4)} {105, 105 5 (@ +P7) erd’s)

cubic gate
non — Gaussian
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Quantum information

Discrete variables encoding Continuous variables encoding

0100011101 (x} e R

superposition
| y)= al0) + Bl1) v)= [ r@lds

entanglement: quantum correlations

1
= —(|0)s|1); + [1)5]0))) [4) ~ 0(qs — 4i)d(ps + pi)

| y) 5

“any” operation any” operation -> any unitary (Hamiltonian) evolution

universal gate set universal unitary (Hamiltonian) set

{(H,R(r/2),CNOT, R(r/4)} {e¥is, @105 1} (@°+57) 1a®dz 1d’s)

two mode
entangling gate
Cz
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Quantum information

Discrete variables encoding Continuous variables encoding

0100011101 (x} e R

superposition
| y)= al0) + Bl1) v)= [ r@lds

entanglement: quantum correlations

1
= —(|0)s|1); + [1)5]0))) [4) ~ 0(qs — 4i)d(ps + pi)

| y) 5

“any” operation any” operation -> any unitary (Hamiltonian) evolution

universal unitary (Hamiltonian) set

{H, R(w/2),CNOT, R(?T{/4)} ﬂ) ezqgs’ ez%(qurﬁg)J e’t§1 ®q2 7 6’&@38}

2-photon gate Hard to do cubic gate
Implementation in optics non — Gaussian

universal gate se
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Quantum information

Discrete variables encoding Continuous variables encoding
0100011101 (x} € R
superposition
)= al0) + 5]1) v)= [ r@lds
1 entanglement: quantum correlations
| Y >= \/_§(|0>S|1>I + |1)S|O>I) w) ~ 6(Q3 - Q‘i)é(ps + pi)
<: Real advantage over classical i>
Need of many photons Need of many quantum modes
Probabilistic but higher fidelity Deterministic but lower fidelity
~
{H,R(x/2),CNOT, R(x/4)} ﬂ Led’s T (@HDY) g1hi®d p1d’s)
2-photon gate Hard to do cubic gate
Implementation in optics non — Gaussian

And not speaking about error correction
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Quantum information

Discrete variables encoding Continuous variables encoding
0100011101 (x} € R
superposition
[w)= al0) + A1) v)= [ r@lds
1 entanglement: quantum correlations
| Y >= \/_§(|0>S|1>I + |1)S|O>I) "ﬁ”) ~ 6(Q3 - Q'z')(s(ps + pi)
circuit model
{Hn R(’Hf?): CNOT, R(?T/il)} {eujs7 qugs, ez%(,jQJrﬁQ)J eujl ®qo ? 6,,;@3,5}
2-photon gate Hard to do cubic gate
Implementation in optics non — Gaussian

And not speaking about error correction



\ \ Multimode quantum optics L@ sw
LKB Good platform for

Quantum information

Continuous variables encoding

{xi}€ R

superposition
| ¥ )= /f(:r.)|:r)d:r

entanglement: quantum correlations
[Y) ~ 0(qs — qi)d(ps + pi)

Modes of light

measurement based (one way) model
<< >\ concept
OO0
|:> Large entangled state: cluster state
(\ () >
/AN ARNG/ANE
() C) C) <2>:> CV entanglement correlations
O () @ 5@2_9'1_@3)
NN
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Quantum information

Continuous variables encoding

{xi}€ R

superposition
v)= [ r@lds

entanglement: quantum correlations
[Y) ~ 0(qs — qi)d(ps + pi)

measurement based (one way) model

IN concept
O—O—0-0O

O—O—C0—0O

OO0

O—O—0O—0O our
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LKB Good platform for

Quantum information

Continuous variables encoding

{xi}€ R

superposition
v)= [ r@lds

entanglement: quantum correlations
[Y) ~ 0(qs — qi)d(ps + pi)

) 1N measurement based (one way) model
IN concept

O

-

2 N NN
C\\ (O )
AN NN

O

o/

()
o/

ouTt

C\/\\ 4
NN
N )

C
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Good platform for

Quantum information

Continuous variables encoding

{xi}€ R

superposition
| ¥ )= /f(:r.)|:r)d:r

entanglement: quantum correlations
[Y) ~ 0(qs — qi)d(ps + pi)

)1 measurement based (one way) model
IC¢/ concept
L)
OO0 @ O—O
N AN / N sequential
\ t at
OO W/ OO ol redes A
—
> C) C) (\/ CP <> C) Use measurement results to:
- decide next measurement
N N - correct for the desired operation
O~ oor m OO our

C\\ )
N AN
N )
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Good platform for

ode quantum optics

Quantum information

@ & mrs

Continuous variables encoding

{xi}€ R

superposition
| ¥ )= /f(:r.)|:r)d:r

entanglement: quantum correlations

measurement based (one way) model

V)N
IN concept
OO0 @ OO
O—O—C0—0O % OO
—>
OO0 OQO O
OO0 or @ OO0

sequential
measurement at
all nodes

=

ouTt

"ﬁ”) ~ 6(Q3 - Q'z')(s(ps + pi)

you are left with the desired
result in the output

Vyour = Ulp) N

N\
oor O
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Basic Protocols
(before looking at the networks)



LKB

Continuous Variable

Basic Protocols 1
CV-QKD
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What it should look like if you are an expert (I am not!)
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_— 7 T

Alice Bob

1) Alice draws two random numbers X4 and !)F\ from a Gaussian distribution of
mean zero and variance \fA /\{@ . -7
| No = ()(c:

2) She sends the coherent state i KA G D A \ to Bob

3) Bob randomly chooses to measure either the quadrature x or p
4) Later Bob informs Alice by using a public channel, so that they can discard the

irrelevant date

Why it works -> the two quadrature (q & p, or x & p) do not commute -> you don’t
need too much “quantum” states

IIIIIIIIII
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letters to nature

LA AR L E L E R L R L L L L L L L L L R L L L R L L ]

Quantum key distribution using
gaussian-modulated coherent
states

|
BOB

Frédeéric Grosshans*, Gilles Van Asschet, Jérome Wenger~, F110 I
Rosa Brouri*, Nicolas J. Cerf+ & Philippe Grangier* ‘ oom&mll'

|

|

NATURE | VOL 421 | 16 JANUARY 2003 | www.nature.com/nature Detector 2 BPX6S |

£ 110 :

|

|

|

|

computer

Local
oscillator

<

Figure 1 Experimental set-up. Laser diode, SDL 5412 (780 nm); Ol, optical isolator; N2,
half-wave plate; AOM, acousto-optic modulator; MF, polarization maintaining single-
mode fibre; OA, opfical attenuator; EOM, electro-optic amplitude modulator; PBS,
polarizer; BS, beam splitter; PZT, piezoelectric transducer. Focal lengths (') are given in
millimetres. R and T are reflection and transmission coefficients.
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letters to nature

Quantum key distribution using
gaussian-modulated coherent
states

Frédéric Grosshans*, Gilles Van Asschet, Jérome Wenger*,

- 6x1072
Rosa Brouri*, Nicolas J. Cerf+ & Philippe Grangier* 20 o~
NATURE | VOL 421 | 16 JANUARY 2003 | www.nature.com/nature
1
0
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P. Grangier, GDR-IQFA Colloguium 2013

‘ Coherent state continuous variables QKD protocol

» Key information encoded in both quadratures of a coherent state

5( > a Eve

" Quantum channel (7, ¢)
. + Classical Channel (auth.)

Gaussian modulation

Bob

/ Random measurement of the
quadrature of each coherent
state (with efficiency n)

Total channel-added noise:

e

equivalent to equivalent to
K photon loss errors

x=1/T-1+ ¢

- Bob reveals measurement choice

- Alice and Bob share a set of Gaussian correlated data
- Further communication to calculate channel parameters and derive

secret key based on Bob’s data

— reverse reconciliation

F. Grosshans et al, Phys. Rev. Lett. 88, 057902 (2002) & Nature 421, 238 (2003)

T

EN

@S

SORBONNE
UNIVERSITE
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P. Grangier, GDR-IQFA Colloguium 2013

QKD protocol using coherent sta
gaussian amplitude and phase mo

Efficient transmission of information using continuous variables ?
-> Shannon's formula (1948) : the mutual information I, (unit : bit / symbol) for
a gaussian channel with additive noise is given by

Reminder : I(X; Y) =

L I,g =12 log; [ 1+ V(signal)/ V(HOiSG)J }II{((XY))I;%: %

H(X) + H(Y) - H(X: Y)

(a) Alice chooses X, and P, within 1
two random gaussian distributions.

(b) Alice sends to Bob the
coherent state | X, +1P, >

(c) Bob measures either Xy or Py

(d) Bob and Alice agree on the basis choice
(X or P), and keep the relevant values.
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P. Grangier, GDR-IQFA Colloguium 2013

Security of coherent state CV-QKD : collective attacks

N

Alice-Bob mutual information : 1,5

—
o))

| Eve-Bob mutual information :
Iz (Shannon : individual attacks)

g (Holevo : collective attacks)

Bounded from channel evaluation !

shannon
Al

o
2]

Alholevo

“\, Secret Key Rate :

Secret key generation rate (bit/'symbol)

Al = 1,5 - Ig; (Shannon)

%)

0.2 0.4 0.6 0.8 1
Transmission T

Al = 1,5 - Xgg (Holevo)

= For both individual and collective attacks Gaussian attacks are optimal
— Alice and Bob consider Eve’s attacks Gaussian and estimate her
information using the Shannon quantity Iy, or the Holevo quantity yzg

Fig : V,= 21 (shot noise units) M. Navasques et al, Phys. Rev. Lett. 97, 190502 (2006)
£ = 0.005 (shot noise units), n = 0.5 R. Garcia-Patron et al, Phys. Rev. Lett. 97, 190503 (2006)
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All-fibered CVQKD @ 1550 1

o

Field test of a continuous-variable quantum key distribution prototype
S Fossier, E Diamanti, T Debuisschert, A Villing, R Tualle-Brouri and P Grangier
New J. Phys. 11 No 4, 04502 (April 2009)

. Photodiode \
/ Alice Ve
-l
Faraday Variabl
: ariable
..Z_"S(.SOO oy Signal  Polarizer A z & 40 m attenuator
100 ns <> Amplitude Phase Amphtude] .
| | l | Modulator | |Modulator ModulatorJ - R /[F
Local oscillator PBS 50/50
Coupler
1.55 um pulsed .z 3
laser diode T PBS £
99/1 Coupler  Polarizer /
/ Bob\ Channel
Faraday Dynamic
mirror polarization LO
40 m f Phuss l controller I_: @
===
o L Modulator L) “ promry
NI PBS PBS ]‘ 400 ns

iy

ENS

@ s

SORBONNE
UNIVERSITE
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CV-quantum teleportation
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A

p squeezed state of light
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p A@] Mo =4 acuuAgf =0p = A
——— squeezed state of light
| Aﬁ o =4 4@7 <L Ap>4
s‘l(t’) =S (:)(t))z) 0= T 2 g

1 (=== (p—(p))?

Wi(e.p)=— = T
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A .
p squeezed state of light
T \\
[ 1 > .
\// )3 g q Oscilloscope
= L Vacuum
Homodyne Detection ‘ ey ‘ '
A Bl - | | Soucezing
E ' il -;,_-_.;:--. e 3 -
< - =A = - )

Signal beam
Breitenbach et al., Nature (1997)

Local Oscillator

Projective measurement: Squeezing = measured noise smaller than

: L the vacuum noise
Measure directly the projection of

Signal field on a quadrature of

specific mode. Squeezing usually expressed in dB
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p

A

é&§eﬂp § sameums

LO
Phase

o>
Phase
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l\/\ CV Quantum teleportation. The resource ?
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A

p

Two-mode squeezed vacuum =EPR state

\YEPR) =

Z tanh™(r) |n,n)
0

coshr -

1 _ (xq—za)2 _ I, —pg)? B (zy+z9)2 _ 4+pa)?

p

’
| 1 >
‘LY q

1) ~ d(gs
s

lr s s
Illi'EpR(I'lf'plaI?pr) = ﬁe 2s 2/s

2/a

2a

q

on. The resource ? ENS@

— qi)0(ps + ps)

01
005
0,00
0

NNNNNNNN
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Alice- A Bob- B

i ((x,. - xs) S—(PA +f>s) > );:: f?s

Ideal case



\ \ CV Quantum teleportation. The protocol
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i ((x,. - xs) S—(PA +f>s) > );,:: f?s

Alice -> mixes the initial state with the EPR component, it measure via homodyne detection the two outputs

X+ = XA tXn ® - pa+pB
(2 P %z

Ideal case
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pt -

i ((x,. - xs) S—(PA +f>s) > );,:: f?s

Alice -> mixes the initial state with the EPR component, it measure via homodyne detection the two outputs

Ideal case

Shegets =~
X_ = X,.-Xui
Q
~

+ = 7]
ey
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pro X

i ((x,. - xs) S—(PA +f>s) > );,:: f?s

Alice -> mixes the initial state with the EPR component, it measure via homodyne detection the two outputs

Ideal case

Shegets =~ -~
X_ = Xa-Xw > XA =\ﬁ X- +Xn

2 projection

Pr = patpd > F*=\525+‘P“‘
7
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pro X

i ((x,. - xs) S—(PA +f>s) > );,:: f?s

Alice -> mixes the initial state with the EPR component, it measure via homodyne detection the two outputs

Ideal case

Shegets =~ -~ )
Xo = Xa-Xw > Xa=02X- #Kn A Xp=Xa =02 X +Xid
2 projection projection
~N Bl ~
P = prpw  ~p pAelprpr s oprs 2P rpu
z




LKB

s & mrs
~ ~ Classical communication
p+ X._
/ 0( = AT:'(:& X +2 dZPq-)
I __\_\_L./
TvA
Xw )P Alice-A Bob- B
XA = Xp
iy ((Ka - XS) J—(PA +f>8) > = -
PA=-7s
Ideal case
Alice -> mixes the initial state with the EPR component, it measure via homodyne detection the two outputs
Alice —Bob classical communication )
Bob-> Applies the corresponding displacement xﬁ - xA = 0_5 Xo +Xid

Xg,' = Xg -&XT = Xin !

PBl-"- Po +2py = pu/ o= -pr = 2§, P
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Alice- A Bob- B
EPR STAS
1 _(=1-20)? (p1-p2)?  (z1+29)%  (py+po)?
- 2 - 2/s - 2/s - 22

Wepr(z1,p1,T2,p2) = ¢

NOT ldeal case

-T
XA -Xe = € (x:-xg)

pA P8 P (FL? ¥ P‘&D
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Alice- A Bob- B

EPR STATS

4 ]_ I
I'I"EPR(ILpl.IQ.pQ) = ?C b7

Jacoum
NOT ldeal case

=T 6
XA-Xg = € (x:-x_,,)

sqieezng
PA ‘f‘PB‘ = é:t Fﬁg + P?D
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-t
XA-Xg = € x:-x_,‘:)

pA+pS = et (F? " F'?)

. 1 _
Wepr(z1,p1, 72, p2) = e

Not Ideal case

Alice -> mixes the initial state with the EPR component, it measure via homodyne detection the two outputs

b=XA+(°’ "”)"t’ ?ﬁz-PA4-(I§2+P.‘°)c"t
= (2 X + X 1—(:( @)cft "EPJ{ tpA & CF&'{’PA )—1
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Alice —Bob classical communication
Bob-> Applies the corresponding displacement

Q SORBONNE
. S bumvsksn’s

Classical communication

L= Ai(_-ﬁf. +A 0254-)

N
T oA

Xn P Alice-A

-T
Xa-Xg = € (x: - K§>

1 _@= _-;9?2 _ ‘mi—:‘}:zi‘? _'11;1;-_»“3 _(m :»:'2:2
paspe = &° (75 «p¥)

Wepr(z1,p1,72,p2) = -

Not Ideal case

Alice -> mixes the initial state with the EPR component, it measure via homodyne detection the two outputs




% @ Q s
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